Wave functions will experience a localization process when evolving in disordered lattices. Here, we have demonstrated the effects of disordered PT -symmetric potentials on wave-function characteristics in optics based on eigenstate analyses. In weak-disorder cases, by using the tight-binding approximation method, a conclusion is obtained that the increasing of the imaginary part of potential can enhance the diffraction, while the increasing disorder will block the diffraction and lead to localization. In the general case, band theory is used for band-structure analysis of three bands. We find that the disorder has a smaller effect on the higher-order band, which is proved by the beam evolutions. Our work may be instructive for realizing beam path control by manipulating the strengths of disorder and gain and/or loss of lattice.
I. INTRODUCTION
Anderson localization is the absence of diffusion of waves due to multiple scattering in a disordered medium [1] [2] [3] . The phenomenon of Anderson localization is general in physics, ranging from solid-state physics [4] , acoustics [5] , and matter wave physics [6, 7] to optics [3, 8] . In optical fields, it has been studied in severely deformed lattices [9] , quasiperiodic lattices [10] [11] [12] , disordered plasmonic arrays [13] , and fibers [14] [15] [16] . Among them, the optical lattice is an ideal platform to explore light localization for allowing experimental implementation of controllable disorder [10] [11] [12] . Unlike the Bloch modes in a periodic lattice which are extended states, the eigenstates in a disordered lattice are localized. And the localized eigenstates have a unique property: modes near the band edges are tightly localized, whereas those near the band center are typically broader [17] . Lahini et al. have experimentally observed the transition from a ballistic wavepacket expansion to an exponential localization for single-site excitation [10] .
Compared to conservative systems, a non-Hermitian system can produce much more interesting results for disorderinduced localization. Recent experiments observed diffusive transport, even though the non-Hermiticity lattice is periodic [18] . In pioneering papers, the delocalization transition and the existence of a mobility edge were demonstrated in nonHermitian disordered lattices [19] [20] [21] [22] . Such results suggest that not all the eigenstates are localized in a non-Hermitian system. Recently, robustly unidirectional light transport was realized in disordered non-Hermitian photonic lattices via a non-Hermitian delocalization transition [23] .
The non-Hermitian Hamiltonians can have real eigenvalue spectra as long as they obey PT symmetry [24] . A necessary condition for a Hamiltonian to be PT symmetric is the potential function satisfying V (x) = V * (−x). In particular, the spectra of a PT -symmetric system possess a phase * Corresponding author: liuxueming72@yahoo.com transition point below which the spectra are real and the PT symmetry is unbroken, and above which the spectra become partially or completely complex and the PT symmetry is broken [25] . Wave propagation in PT -symmetric lattices can show a wide variety of interesting effects, such as double refraction, power oscillations, and nonreciprocity [26, 27] . In a special non-Hermitian system, what would happen if disorder is introduced in a PT -symmetric lattice? In a disordered twodimensional lattice, the presence of PT -symmetric potentials enhances the light localization [28] . However, Bendix et al. found that for a sufficiently long chain with PT -symmetric impurities, the exact PT -symmetric phase is retained only for an exponentially small parameter region [29] . In binary diagonal-disorder arrays, the presence of PT symmetry tends to inhibit the transport of localization excitations [30] . However, in the off-diagonal disordered lattice, the light localization is suppressed and restored, mediated by PT symmetry breaking [31] . A similar conclusion was drawn for a quasiperiodic optical lattice [32] .
In this paper, we theoretically demonstrate the beam dynamics in disordered PT -symmetry lattices. In weakdisorder cases, the coupling equation with conjugated two coupling coefficients is obtained by using the tight-binding approximation method. Through the analyses of the coupling coefficients, eigenstates, mobility edges, and beam evolutions, we can conclude that the increase of the imaginary part of the potential can enhance diffraction, while the increasing disorder will block diffraction and lead to beam localization. In general cases, the eigenstates and propagation constants for the multiband model are analyzed by using band theory. Eigenstates of the three bands have different degrees of localization where the higher band is relatively more weakly localized. Finally, that the disorder has a smaller influence on the higher-order band is proved by the beam evolutions.
II. PHYSICAL MODEL
We consider the normalized equation of diffraction with complex potential modulated by the refractive index and the gains and/or losses in transverse direction. The model is governed by the Schrödinger equation [26, 33, 34] :
where ξ , η are the transverse and longitudinal coordinates, respectively. The complex valued function ψ(ξ , η) describes the electric field envelope along a propagation distance ξ . In this paper, we consider the optical lattice with PT -symmetric potential of
, where a is the waveguide width, and the parameters V r and V i are the modulation depth of refractive index and the amplitude of loss and/or gain, respectively. The system exhibits linear gain in domains with Im{V(η)} > 0 and one-photon absorption in domains with Im{V(η)} < 0. The similar potential functions have been investigated in Refs. [31, 35, 36] for different points. To facilitate the following study, we set V i = 8,a = 0.5, and D = 2; the corresponding values in realities are given in [31] . The symmetry-breaking threshold is V i th ≈ 18.5 for the single site and V i th ≈ 16.9 for the regular array. In the following we will analyze PTsymmetric arrays of the weak disorders (Wâ1) and general cases of disorders, separately. All the analyses are based on the so-called "unbroken PT -symmetric phase" with only real propagating constants, because exponential growth is unavoidably excited when the PT symmetry is broken.
III. THEORY FOR WEAK DISORDERS
We use the tight-binding approximation method to illustrate the role of PT -symmetric potential in the localization. The basic idea of this method is that the disordered lattice is considered as a composition of many single-site waveguides and only the interactions of adjacent-site light modes are taken into account. Consider the scattering matrix of the single-site Schrödinger operator 
For a weak-disorder lattice, i.e., W 1, the parameters C m,m±1 become independent of m to a very good approximation, so the eigen equations can be expressed as
where C = +∞ −∞ φ * 0 (η)V 0 (η)φ 1 (η)dη, which can be written as C ≡ |C|e ih . This is a typical non-Hermitian discrete equation [19, 20] . Because only the fundamental mode of a single guide is considered at the start, this theoretical model is only efficient under the symmetry-breaking threshold of the optical lattice. The eigenstates and eigenvalues of the disordered lattice can be calculated by solving a set of 2N + 1 eigen equations [Eq. (2)], and 2N + 1 = 201 waveguides are contained in the following calculations. The eigenvalue curve is shown in Fig. 1(a) with parameters of V i = 16 and W = 0.02. There is only one band calculated because only the highest eigenvalue of the single-site waveguide is considered. The eigenvalue band almost keeps the cosine shape of a perfectly ordered lattice. The eigenstates with eigenvalues near the band edges (insets 1 and 3) are exponentially localized, whereas the modes (inset 2) near the band center are typically extended; this phenomenon also arose in a Hermitian lattice [10, 17] . Furthermore, the integral width of intensity value |C| of the coupling coefficient on the imaginary strength V i of potential. When V i = 0, i.e., the disordered lattice is Hermitian, the coupling coefficient C is real and |C| reaches its minimum. With V i increasing, both h and |C| are enhanced, which causes diffraction to gradually dominate. In a Hermitian disordered system, the eigenstates are always localized, while the situation is changed in a non-Hermitian system when the eigenvalues fail in the region of −β c < β − β 0 < β c . The delocalization transition point β c is called a mobility edge. Here the mobility edge can be computed as [20] 
where μ 2 denotes the variance of β m . This formula can approximately reflect the regularity of the delocalization transition. The relation of the mobility edge to V i is shown in Fig. 1(d) for different disorder strengths of W. The imaginary part of the guiding potential is responsible for the existence of the mobility edge, and the strength of the disorder determines the value of V i where β c > 0 starts to occur.
In order to investigate the beam dynamistic in a disordered lattice, the statistically averaged intensity is calculated as 2 ] at normal incidence. The statistically averaged intensity approaches a steady state after the initial expansion, as shown in Fig. 2(a) . In each realization the intensity oscillation between several channels exists as illustrated in Fig. 2(b) , which is caused by the coherent superposition of eigenstates with different propagation constants. The eigenstate coherence mentioned above determines the average widths of eigenstates and beams ψ(ξ , η) following the same variation for various V i and W by comparing Fig. 1(b) with Fig. 2(c) . One can see that the increase of the imaginary part of the potential can enhance the diffraction by increasing the waveguide coupling, while the increasing disorder can weaken the diffraction by random scattering. Figure 2(d) shows the mode occupancy coefficients of G(η) for the lattice with the disordered potential distribution as in Fig. 2(b) . For identical G(η), the distribution of c(β) is specific for one realization of the lattice potential.
The tight-binding model is very effective to take the mode analysis and beam evolution for a weakly disordered lattice in a PT -symmetric phase. However, the mentioned theory has only considered the fundamental mode of a single guide and thus there are only one-band eigenmodes calculated. In order to obtain a more generalized model, band theory will be used in the following discussion.
IV. THEORY FOR GENERAL CASES
Band theory is based on the idea that the eigenstate of a disordered lattice can be considered as the mixed state of a corresponding periodic lattice. Therefore the basic starting point in this section should be the periodic lattice. For the PT -symmetric periodic lattice with Schrödinger operator [26] . In the calculation with 2N + 1 waveguides contained, the Bloch wave number k is discrete for the periodic boundary condition (e.g., k = 2πl/ (2N + 1)D, l = −N, . . . ,N) . For a PT -symmetric disordered lattice, the eigenstates can be written as ψ β = m,k u km φ km (η)e iβξ , where u km represents the mode occupancy coefficients. By substituting this expression into Eq. (1), multiplying by φ * −km (−η), and integrating over η, we obtain a set of discrete equations:
where for PT symmetry. Equation (4) is the eigenvalue problem, which can be solved by the numerical method. In the following calculations, only the highest three bands of the periodic lattice are considered; thus one can obtain the highest three bands of propagation constants and eigenstates of the disordered lattice by solving the eigen equation of Eq. (4). The solved propagation-constant distributions of the first three bands are shown in Fig. 3 the periodic lattice compared to the lower-order band. And the averaged eigenstate widths of the higher-order band are bigger than the lower-order band, as shown in Fig. 3(b) . For a higher-order band such as the second and third bands, the eigenstates near the band centers are much broader than the eigenstates near band edges, as the eigenstates of the first band did when discussed in the weak-disorder case. The averaged eigenstate widths of the second band are mainly dominated by the disorder strength W, while the averaged widths of the third band are mainly determined by the amplitude of the imaginary potential V i , which seems to imply that the disorder has a smaller effect on the third band than the second band. The specific eigenstate distributions are displayed in Fig. 4 for the first three bands. One can see that the higher the order of the band, the broader the eigenstates, and the eigenstates near the band centers are much broader than the eigenstates near band edges, which coincides with the description in Fig. 3(b) .
From the analysis above, it seems that the disorder has a smaller effect on the higher-order band. To confirm this, we • in homogeneous media. The intensity evolutions in Fig. 5 have three pathways due to the double-refraction process that has been studied in Ref. [26] . For an input beam profile G(η), its beam evolutions can be expressed as Keeping in mind that the beam components in the periodic lattice will propagate along the gradient ∇ k (β), one can then distinguish from the inset in Fig. 5(c) which pathway corresponds to which band in Fig. 5(a) . The influence of disorder on beam dynamics can be illustrated by comparing to Figs. 5(b), 5(e), 5(f), and 5(a). Comparing the first-band components, i.e., the beams of the middle paths in these figures, the beam propagates in the periodic lattice at a tilt angle, while the propagation is partially deviated in the lattice with weak disorder shown in Fig. 5(e Fig. 5(b) , respectively. The distribution of first-band decomposition is completely skewed by disorder, while the second and third bands partially retain their configurations, as seen by comparing Fig. 5(d) to Fig. 5(c) .
Comparing the tight-binding approximation in Sec. III with the band theory here, they focus on different points. In Sec. III, the point is the localization characteristics of eigenstates and beam evolutions in a disordered lattice. The delocalization of eigenstates only arises in weak disorder. With the disorder strength increasing, the eigenstates near the band center are localized rapidly. The tight-binding model is very effective to the lattice in the weak-disorder region, the calculation process is relatively simple, and the mobility edges can be deduced in this theory. However, this model has considered only the fundamental mode of a single-site waveguide; thus there are only one-band eigenstates calculated [37] . In Sec. IV, the point is eigenstate distribution and beams dynamics in different bands. The band theory is a more generalized model as more bands are calculated, and the amount of computation is much larger than the tight-binding model.
V. CONCLUSIONS
In conclusion, we have demonstrated that disordered PTsymmetry potentials can exhibit unique characteristics in optics. In weak disorder cases, the coupling equation with conjugated two coupling coefficients is obtained by using the tight-binding approximation method. The localization character is analyzed by studying the eigenstates, mobility edges, and beam evolutions by using the tight-binding approximation method. A conclusion is obtained that the increase of the imaginary part of the potential can enhance the diffraction, while the increasing disorder will block the diffraction and lead to localization. In the general case, band theory is used for band-structure analysis. We find that the disorder has a smaller effect on the higher-order band, which is proved by the beam evolutions. These results will be potentially instructive for further researchers. For fundamental interest, it reveals the nature of localization-delocalization transitions and band-structure characteristics in disordered PT -symmetry optical lattices. For practical use, it may pave the way for realizing beam path control by manipulating the strengths of disorder and gain and/or loss. The results in this paper are very possible to be raised in other quasiperiodic physical systems, such as plasmonic waveguides, cavity polaritons, and bulk metamaterials. Moreover, in future research, it would be interesting to study the nonlinear phenomena in disordered lattices, such as soliton behavior.
